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Abstract 
Main methods on phase retrieval of GPD (Generalized Phase Diversity) wavefront sensor are based on GS 
(Gerchberg-Saxton) iteration or its derivations, which do not make use of peculiarities of the sensor adequately and 
have heavy computation. We first decompose the output signal of sensor by Zernike modes and then use SPGD 
(Stochastic Parallel Gradient Descent) to search the optimum solution. Two different phase screens are used to 
investigate the phase retrieval method. Simulation results show the method we put forward can correctly restore the 
phase from the output signal of the GPD wavefront sensor for randomly generated distorted wavefronts and is easy to 
implement because Zernike modes can be obtained or calculated in advance, which offers the theory basis for further 
research on GPD wavefront sensor and its real applications.
© 2011 Published by Elsevier Ltd. 
Selection and/or peer-review under responsibility of ICAE2011. 
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1. Instruction
PD (Phase Diversity) makes use of multiple images of an unknown extended object or scene to estimate
both the unknown phase parameters and the unknown object [1, 2]. Roddier first introduced the CS 
(Curvature Sensor) in 1988 [3], a special class of PD wavefront sensor which measures the local wavefront 
curvature using a pair of intensity images with equal and opposite aberration. A quadratically distorted 
diffraction grating can be used to simultaneously image multiple object planes onto a single detector [4]. 
The diffraction grating provides a different level of defocus in each diffraction order the intensity images 
formed on a CCD detector provide data for the PD algorithm, which is called as DPD (Defocus PD). 
Campbell et al. put forward the GPD (Generalized Phase Diversity) method in 2004[5].  
The GPD, like the DPD sensor, uses two intensity images to perform wave-front sensing. However, 
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DPD’s use of two images that are symmetrically defocused with respect to the unknown wavefront is 
replaced in GPD by a pair of images of the wave-front plane, each convolved with arbitrary but related 
aberration functions. These functions may include, but not be limited to, defocus. The prominent 
peculiarity of this sensor is that the output signal represents the input pupil phase and shows a 1–1 mapping 
between the position of the wave-front error in the pupil and its position in the difference of the intensity 
images. Main methods on phase retrieval of GPD (Generalized Phase Diversity) wavefront sensor are 
based on GS (Gerchberg-Saxton) iteration or its derivations, which do not make use of peculiarities of the 
sensor adequately and have heavy computation. In this paper, we first explain the basic principle of GPD, 
and then discuss the method of phase retrieval of GPD based on SPGD (Stochastic Parallel Gradient 
Descent) [6]. 
2. The principle of GPD wavefront sensor 
The Fig. 1 gives the schematic of the GPD wavefront sensor, where ( )rφ is the input distorted 
wavefront ( is a vector in the plane orthogonal to the optical axes) and Dr is the output 
information of GPD wavefront sensor. 
{ , }r x y=
Fig. 1 Schematic of the GPD wavefront sensor 
At a distance f  from the pupil lens the FT of the input wavefront ( )rφ is formed, shown in Fig. 1 as 
( )ψ ξ .The combination of grating and lens is placed directly against the first lens so that the order of FT is 
0 at the point A. The distribution at the point A is given by  
( ). .die pupilφψ ξ
die
                                                                                                                                         (1)
Where φ is the function applied by the grating ( dφ is the diversity phase). The output signal of the GPD 
wavefront sensor  is generated by the difference of a pair of intensity images formed in the 
diffraction order. These intensity images are themselves created by the convolution of the input 
wavefront with the filter function programmed into a diffraction grating. Fig. 2 shows several 
simulated ’s, the difference of the intensity images, for several typical aberrations when the sphere 
aberration is used as the filter function.  
Dr
±
Dr
 
(a)                                 (b)                            (c) 
Fig. 2 Several input wavefronts and their output signals of the GPD wave-front sensor by a spherical aberration filter function. Profiles 
in the upper row are defocus (a), astigmation (b) and coma aberration (c) (the scale of colorbar is ); Profiles in the lower row are 
output signals which are corresponding to profiles in the upper row respectively (the scale of colorbar is a measure of contrast). 
rad
Dr
Comparing profiles in the upper row with that in the lower row respectively, we can see the location of 
the wavefront error can be found from , the output signals of the GPD wavefront sensor.  Dr
3. Phase retrieval of GPD wavefront sensing based on stochastic parallel gradient descent 
45Huizhen Yang and Yaoqiu Li / Procedia Engineering 24 (2011) 43 – 47Huizhen Yang / Procedia Engineering 00 (2011) 000–000 3
A great many phase retrieval algorithms, both iterative and analytic, have been developed by 
researchers over the years as an attempt to solve this inverse problem for a variety of situations. The most 
widely used iterative algorithms for phase retrieval are compared and reviewed by Fienup[7]. In this 
paper, we first decompose the output signal and then use SPGD to search the optimum solution from the 
output signal of the GPD wavefront sensor. 
3.1. Descriptions of wavefront aberrations 
We use the method proposed by N. Roddier, which makes use of a Zernike expansion of randomly 
weighted Karhunen-Loeve functions, to simulate atmospherically distorted wavefronts [8]. Different 
phase screens generated according to this method are not correlated to each other and represent the 
Kolmogorov spectrum. The phase screens are defined over 128  pixels and don’t include the tip/tilt 
aberrations. The tip/tilt aberrations are usually controlled by another control algorithm and are considered 
as being removed completely in our simulation. Atmospheric turbulence strength for a receiver system 
with aperture size can be characterized by the ratio 0 , where 0 is the turbulence coherence length. 
Phase screens of different atmospheric turbulence strength can be obtained through changing 0 in the 
simulation program. The 0 is set at 5 in our simulation and the averaged RMS (Root of Mean Square) 
is 1.32 . The wavefront’s to be restored are generated randomly and given in Fig. 3(a) and Fig. 3(c). 
Fig. 3(b) and Fig. 3(d) show corresponding output signals of GDP wavefront sensor with a spherical 
aberration filter function. Comparing Fig. 3(a) with Fig. 3(b) and Fig. 3(c) with Fig. 3(d), we can get the 
similar conclusion to the Fig. 2 that the location of the wavefront error can be found from the output 
signals of the GPD wavefront sensor. 
128×
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                        (a)                                          (b)                                        (c)                                          (d) 
Fig. 3 The wavefront’s to be restored (a) and (c)[scale in ] and the output signals, Dr , of GPD wavefront sensor with a 
spherical aberration filter function(b) and (d) [scale in contrast]. 
rad
3.2. Phase retrieval based on stochastic parallel gradient bescent 
We use the combinations of Zernike functions to describe the distorted wavefront ( )rφ
1
( ) ( )
N
j j
j
r Zφ α
=
= r                                                                                                                                 (2)
where is the number of terms in the parameterization and N ( )jZ r is the member of the basis set. The 
output signal D of the GPD wavefront sensor represents the input pupil phase and shows a 1–1 mapping 
between the position of the wave-front error in the pupil and its position in the difference of the intensity 
images. We try to decompose the output signal Dr of th ensor by using the Zernike polynomial firstly 
and then make use of SPGD to find the optimum solution so that the phase restoration algorithm can 
converge rapidly.  
thj
r
e s
SPGD is a model-free optimization technique, which does not require the use of any priori knowledge 
of a system model. A restoration criterion is used to measure the degree of restoration of the wave-front 
phase. SPGD algorithm considers the criterion, also called as the metric function, as a function of the 
control parameters to be optimized, The vector { }jα  is the  parameter to be optimized by SPGD in this 
paper. 
From the basic principle of GPD wavefront sensor, we know the output signal Dr represents the 
relative location of the error of wavefront aberration. So, when the input wavefront is a plane wavefront, i.e. 
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there is no aberration, the output signal should be a plane. With the adaptation process, the current 
solution of  is approach to the optimum solution gradually and the curre curr is also approach to 
the initia initr . The metric function is defined as follows: 
Dr
{ }jα
D
)
init
x y
J D=
Dr
l
( ,
 2( ( , ) )currr x y Dr−                                                                                                                        (3)
The closer to the optimum solution the current{ , the smaller the metric function}jα J .
The SPGD algorithm requires small random perturbations with fixed amplitude 1 2{ , ,α α αΔ = Δ Δ ... }NαΔ
jα σ
) (k kα α
k
Δ =
( 1
and random signs with equal probabilities for Pr [9], to be applied to all 
parameters simultaneously. Then for a given random , coefficients of Zernike polynomial are 
updated with the rule: 
( ) 0.5jα σΔ = ± =
αN Δ
) ( ) ( ) ( 1)( )k k kJ Jγ α+ = + Δ − − 1,...                                                                                             (4)0,k =
Where is the number of algorithm iteration and γ is the gain coefficient which scales the size of the 
parameter search (positive for the case of metric maximization, negative for minimization and negative in 
this paper).
3.3. Results and analysis 
We programme the phase retrieval based on SPGD in Matlab environment according to the simulation 
model and perform the evolution process over the phase screens to be restored in Fig. 3(a) and Fig. 3(c). 
The evolution curve of the metric function J  and restored wavefront’s are the recorded simulation results. 
Fig. 4 shows evolution curves of the metric function J with the adaptation process, where (a) is 
corresponding to Fig. 3(a)) and (b) corresponding to Fig. 3(c). The solid line and the broken line are 
adaptation curves of the metric function with and without decomposition step respectively.   
                                               (a)                                                                          (b)
Fig. 4 Evolution curves of the metric function J with the adaptation process. (a) is corresponding to Fig. 3(a)) and (b) corresponding to 
Fig. 3(c).
The evolution curves converge rapidly during the first 200 iterations in Fig. 4. Comparing the solid line 
(decomposing) with the broken line (no decomposing) in two figures, we can obtain the decomposition 
step can accelerate the convergence of phase restoration algorithm. Fig. 5 shows the results of phase 
retrieval about the phase screen to be restored in Fig. 3(a) and Fig. 3(c) from the output signal of the GPD 
wavefront sensor by making use of the phase retrieval algorithm. From Fig. 5, we can see that the restored 
phase is nearly identical to the original, which justify our method on phase retrieval. 
(a)                                       (b) 
Fig. 5 Results of phase retrieval from the output signal of the GPD wavefront sensor by making use of Zernike decomposition and
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SPGD algorithm. (a) and (b) are corresponding to wavefronts in Fig. 3(a) and (c) respectively and (a) is restored from Fig. 3(b) and 
(b) is restorted from Fig. 3(d). 
4. Conclusions 
The GPD wavefront sensor uses two intensity images to perform wave-front sensing. Each of images 
part of the wave-front plane is convolved with arbitrary but related aberration functions. These functions 
may include, but not be limited to, defocus. The prominent peculiarity of this sensor is that the output 
signal represents the input pupil phase and shows a 1–1 mapping between the position of the wave-front 
error in the pupil and its position in the difference of the intensity images. In this paper, we first explain 
the basic principle of GPD, and then discuss the method of phase retrieval of GPD based on SPGD and 
give some simulation results. These results show the method we offer can correctly retrieve the phase 
from the output signal of the GPD wavefront sensor for randomly generated distorted wavefront, which 
offers the theory basis for further research on GPD wavefront sensor and its real application. 
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